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Abstract. The usual neutron-proton BCS wave function is simultaneously projected on both the good
neutron and proton numbers using a discrete projection operator. The projected energy of the system is
deduced as a limit of rapidly convergent sequence. It is numerically studied for the N = Z nuclei of which
“experimental” pairing gaps may be deduced from the experimental odd-even mass differences. It then
appears that the particle-number fluctuation effect is even more important than in the case of pairing
between like-particles.

PACS. 21.60.-n Nuclear structure models and methods – 21.30.Fe Forces in hadronic systems and effective
interactions

1 Introduction

Renewed interest in the study of the neutron-proton (np)
pairing correlations occurred recently (cf., e.g., [1,2,3,4,5,
6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21]) due to the
development of the radioactive beam facilities that made
possible the experimental study of medium mass nuclei
such as N ' Z. The study of these proton-rich nuclei is
not only interesting from the nuclear structure point of
view, but it is also important in the astrophysical con-
text. Indeed, it is believed that this kind of nuclei are syn-
thesized in the rapid-proton capture process (rp-process)
under astrophysical conditions [22,23]. Moreover, most of
these nuclei are not accessible in experiments and there-
fore many nuclear astrophysics calculations crucially de-
pend on accurate theoretical prediction for the nuclear
properties. InN ' Z nuclei, the neutron and proton Fermi
levels are close to each other and therefore the np pairing
correlations are expected to play a significant role in their
structure.
On the other hand, one of the most exciting subjects of

the modern nuclear physics is the double-beta decay, be-
cause one expects an answer to the question whether the
neutrino is a Majorana or a Dirac particle (cf., e.g., [24,
25,26,27]). Indeed, neutrinoless double-beta decay pro-
ceeds only when neutrinos are massive Majorana parti-
cles, hence its observation would resolve the question [28].
It has been shown that the inclusion of the np pairing
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influences the neutrinoless double-beta decay rates signif-
icantly [9].

Most often, pairing is treated within a generalized
BCS treatment [1,2,3,4,5,6,7,8]. However, the short-
comings of this approach are well known: the most
important of them is the number symmetry breaking
that may imply serious errors in the evaluation of sev-
eral physical observables. The usual techniques used in
order to remedy this shortcoming are those already
used for the study of pairing correlations between like-
particles, i.e. the Quasiparticle Random Phase Approx-
imation (QRPA) (cf., e.g., [9,10,11,12,13,14,15,16,17]),
the Lipkin-Nogami (LN) method [18] or the Generator
Coordinate Method (GCM) [19]. However, in these meth-
ods, the particle-number symmetry is only approximately
restored. Recently, an exact particle-number projection
method in the isovector case has been proposed [29]. It
is based on a discrete form of the projection operator that
allows one to derive an explicit form of the projected wave-
function. The method was applied within the Richardson
schematic model [30]. The aim of the present work is to
study numerically the particle-number fluctuations effects
on the energy in a realistic case, i.e. for the N = Z nuclei
of which the “experimental” pairing gaps ∆p, ∆n and ∆np

may be deduced from the experimental odd-even mass dif-
ferences [3]. The single-particle energies used are those of
a Woods-Saxon deformed mean field. The structure of this
paper is as follows: the BCS theory is briefly recalled in
sect. 2. The projection method is presented in sect. 3. The
numerical results are given and discussed in sect. 4.
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2 BCS theory

In the second quantization and isotopic spin formalism,
a system of mass A constituted by N neutrons and Z
protons is described by the Hamiltonian [1]

Ĥ=
∑

νt

ενta
+
νtaνt−

1

4

∑

νµ>0,t1t2

Gt1t2a
+
νt1

a+
ν̃t2

aµ̃t2aµt1 , (1)

where:

– t is the subscript corresponding to the isotopic spin
component (t = n, p).

– a+
νt and aνt respectively represent the creation and an-
nihilation operators of the particle in the state |νt〉, of
energy ενt; and a+

ν̃t and aν̃t those of its time-reverse
|ν̃t〉, that has the same energy.

– Gt1t2 characterizes the pairing strength and is sup-
posed independent of the levels.

The neutrons and protons are supposed to occupy
the same energy levels. The standard procedure is to
use the generalized Bogoliubov-Valatin transformation ap-
proach [1,2,3,8,31] where the quasi-particle operators are
given by




α+
ν1

α+
ν2

αν̃1

αν̃2


 =




Uν1p Uν1n Vν1p Vν1n

Uν2p Uν2n Vν2p Vν2n

−Vν1p −Vν1n Uν1p Uν1n

−Vν2p −Vν2n Uν2p Uν2n







a+
νp

a+
νn

aν̃p
aν̃n


 . (2)

The indices 1, 2 reveal the existence of two kinds of quasi-
particles.
The BCS state |Ψ〉 is obtained by eliminating all the

quasiparticles in the actual vacuum, i.e.

|Ψ〉 ∝
∏

ν>0

αν1αν̃1αν2αν̃2 |0〉 . (3)

Using the transformation (2), one obtains, after normal-
ization,

|Ψ〉 =
∏

ν>0

|Ψν〉 (4)

with

|Ψν〉 =
[
Bν

1a
+
ν̃pa

+
νpa

+
ν̃na

+
νn +Bν

2a
+
ν̃pa

+
νp +Bν

3a
+
ν̃na

+
νn

+Bν
4

(
a+
ν̃pa

+
νn + a+

ν̃na
+
νp

)
+Bν

5

]
|0〉 , (5)

and where the Bν
i factors depend on the Uντt and Vντt

(t = n, p; τ = 1, 2) coefficients.
The pairing gap parameters are defined by

∆tt′ =
Gtt′

2

∑

ν>0

〈Ψ | aν̃taνt′ |Ψ〉 , t, t′ = n, p . (6)

The particle-number fluctuation will be measured by
the quantity

∆NBCS =
1

A

√
〈Ψ | N̂2 |Ψ〉 − 〈Ψ | N̂ |Ψ〉2 , (7)

where N̂ is the particle-number operator.

The BCS energy is defined by Enp
BCS = 〈Ψ |Ĥ|Ψ〉, that

is

Enp
BCS =

∑

ν>0

Eν +
∑

ν 6=µ

Eνµ , (8)

where Eν and Eνµ are evaluated in the particle-number
representation:

Eν = (B
ν
1 )

2

[
2ενn + 2ενp −

Gnn

4
− Gpp

4
− Gnp

2

]

+(Bν
2 )

2

[
2ενp −

Gpp

4

]
+ (Bν

3 )
2

[
2ενn −

Gnn

4

]

+2 (Bν
4 )

2

[
ενn + ενp −

Gnp

4

]
(9)

and

Eνµ = −
Gnn

4
(Bν

1B
ν
2 +Bν

3B
ν
5 ) (B

µ
1 B

µ
2 +Bµ

3 B
µ
5 )

−Gpp

4
(Bν

1B
ν
3 +Bν

2B
ν
5 ) (B

µ
1 B

µ
3 +Bµ

2 B
µ
5 )

−Gnp

2
Bν

4 (B
ν
1 −Bν

5 )B
µ
4 (B

µ
1 −Bµ

5 ) . (10)

3 Projection

3.1 Projected wave function

In the case of pairing between identical particles, the pro-
jector that allows one to obtain the state of an even system
with 2Pt particles (where Pt refers to the neutron or pro-
ton pair number), from the BCS vacuum, is given by [32]

℘̂t=
1

2(n+1)

{
n+1∑

k=0

ξkz
−Pt

k

∏

ν

[
1+(

√
zk−1) a+

νtaνt
]
+c.c.

}
,

(11)
where

ξk =

{
1/2, if k = 0 or k = n+ 1,

1, if 1 ≤ k ≤ n.
(12)

zk = exp(i
kπ
n+1 ), n is a non-zero integer and c.c. means the

complex conjugate with respect to zk. As has been shown
in refs. [33] and [34], as soon as the inequality 2(n+ 1) >
max(Pt, Ω − Pt) is satisfied, the projected state coincides
with the Pt pairs of the particles component.
In the np pairing case, the projector that allows one

to obtain the state that has both the good proton and
neutron numbers (and hence the good isospin) is then of
the form

℘̂ =
∏

t=n,p

℘̂t. (13)

The projected wave function is then

|Ψnn′〉 = Cnn′ ℘̂ |Ψ〉 , (14)
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where Cnn′ is a normalization factor. That is

|Ψnn′〉 = Cnn′

[ n+1∑

k=0

n′+1∑

k′=0

ξkξk′

(
z−Pn

k z
−Pp

k′ |Ψ (zk, zk′)〉

+z−Pn

k z
−Pp

k′ |Ψ (zk, zk′)〉+ c.c.
)]

, (15)

where zk is the complex conjugate of zk, and

|Ψ (zk, zk′)〉 =
∏

ν>0

|Ψν (zk, zk′)〉 (16)

with

|Ψν (zk, zk′)〉 =[
Bν

1 zkzk′a+
ν̃pa

+
νpa

+
ν̃na

+
νn

+Bν
2 zk′a+

ν̃pa
+
νp +Bν

3 zka
+
ν̃na

+
νn

+ Bν
4

√
zkzk′

(
a+
ν̃pa

+
νn + a+

ν̃na
+
νp

)
+Bν

5

]
|0〉 . (17)

It appears that the expressions (5) and (17) are for-
mally similar. The effect of the projection in these expres-
sions consists in a renormalization of the Bν

i factors.
The integers n and n′, respectively, measure the ex-

traction degree of the neutron and proton false compo-
nents of |Ψ〉. As soon as the condition

2(n+ 1) > Max(Pn, Ω − Pn),

2(n′ + 1) > Max(Pp, Ω − Pp),
(18)

where 2Ω is the total degeneracy of pairs, is satisfied, the
state (15) coincides with the physical component (i.e. with
N neutrons and Z protons).
We have thus obtained an explicit expression of the

projected wave function. The latter allows one to deduce
the expectation value of any physical observable.
The particle-number fluctuations will be measured by

∆Nnn′ =
1

A

√
〈Ψnn′ | N̂2 |Ψnn′〉 − 〈Ψnn′ | N̂ |Ψnn′〉2 . (19)

3.2 Energy

Any operator Ô that conserves the particle-number sym-
metry satisfies the property

〈Ψnn′ | Ô |Ψnn′〉 = 4 (n+ 1) (n′ + 1)Cnn′ 〈Ψnn′ | Ô |Ψ〉 .
(20)

Using (20) the energy of the system is then given by

Enn′ = 4 (n+ 1) (n′ + 1)C2
nn′

×
[ n+1∑

k=0

n′+1∑

k′=0

ξkξk′

(
z−Pn

k z
−Pp

k′ E (zk, zk′)

+z−Pn

k z
−Pp

k′ E (zk, zk′) + c.c.

)]
, (21)

where

E (zk, zk′) =
∑

ν>0

Eν (zk, zk′)
∏

j 6=ν

Aj (zk, zk′)

+
∑

ν 6=µ

Eνµ (zk, zk′)
∏

j 6=νµ

Aj (zk, zk′) (22)

with
Aj (zk, zk′) = 〈Ψj (zk, zk′) |Ψj〉 , (23)

Eν (zk, zk′) =

zkzk′ (Bν
1 )

2

(
2ενn + 2ενp −

Gnn

4
− Gpp

4
− Gnp

2

)

+zk′ (Bν
2 )

2

(
2ενp −

Gpp

4

)
+ zk (B

ν
3 )

2

(
2ενn −

Gnn

4

)

+2
√
zkzk′ (Bν

4 )
2

(
ενn + ενp −

Gnp

4

)
(24)

and

Eνµ (zk, zk′) =

−Gnn

4
zk (zk′Bν

1B
ν
2 +Bν

3B
ν
5 ) (zk′Bµ

1 B
µ
2 +Bµ

3 B
µ
5 )

−Gpp

4
zk′ (zkB

ν
1B

ν
3 +Bν

2B
ν
5 ) (zkB

µ
1 B

µ
3 +Bµ

2 B
µ
5 )

−Gnp

2

√
zkzk′Bν

4B
µ
4 (
√
zkzk′Bν

1 −Bν
5 )

× (√zkzk′Bµ
1 −Bµ

5 ) . (25)

Here again, the expressions (9) (respectively (10)) and (24)
(respectively (25)) are formally similar and the particle-
number projection leads to a renormalization of the Bν

i

factors.

4 Numerical results. Discussion

The previously described method is applied within the
framework of a Woods-Saxon deformed mean field with a
maximum number of major shellsNmax = 12. The ground-
state deformation parameters used in the present work are
those of Moller and Nix [35].

4.1 Pairing strength choice

The choice of the Gnp pairing strength is still an open
question. Several propositions have been formulated, let
us cite among others:

– Chen and Goswami [36], that have arbitrarily chosen
the form

Gnp = Gnn +
6

A
.

– Satula and Wyss [18], for their part, justify their
choice,

Gnp =
1

2
(Gnn +Gpp) ,

by assuming, using arguments based on the spin in-
variance, that, on the N ' Z line, Gnn(pp) ' Gnp.
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Table 1. Variation of the overlap 〈Ψ |Ψnn′〉, the particle-number fluctuations ∆Nnn′ and the projected energy Enn′ (MeV) as
a function of the extraction degrees of the false components n and n

′ for the nucleus 36Ar.

n n
′ 〈Ψ |Ψnn′〉 (%) ∆Nnn′ Enn′(MeV) n n

′ 〈Ψ |Ψnn′〉 (%) ∆Nnn′ Enn′(MeV)

0 0 50 0.09 −649.12 4 0 41 0.06 −654.70
0 1 41 0.06 −653.95 4 1 34 0.02 −659.68
0 2 41 0.06 −654.36 4 2 34 0.00 −660.09
0 3 41 0.06 −654.36 4 3 34 0.00 −660.10
0 4 41 0.06 −654.36 4 4 34 0.00 −660.10
0 5 41 0.06 −654.36 4 5 34 0.00 −660.10
0 6 41 0.06 −654.36 4 6 34 0.00 −660.10
0 7 41 0.06 −654.36 4 7 34 0.00 −660.10

1 0 42 0.06 −654.50 5 0 41 0.06 −654.70
1 1 34 0.02 −659.47 5 1 34 0.02 −659.68
1 2 34 0.01 −659.89 5 2 34 0.00 −660.09
1 3 34 0.01 −659.89 5 3 34 0.00 −660.09
1 4 34 0.01 −659.89 5 4 34 0.00 −660.09
1 5 34 0.01 −659.89 5 5 34 0.00 −660.10
1 6 34 0.01 −659.89 5 6 34 0.00 −660.10
1 7 34 0.01 −659.89 5 7 34 0.00 −660.10

2 0 41 0.06 −654.70 6 0 41 0.06 −654.70
2 1 34 0.02 −659.68 6 1 34 0.02 −659.68
2 2 34 0.00 −660.09 6 2 34 0.00 −660.09
2 3 34 0.00 −660.10 6 3 34 0.00 −660.09
2 4 34 0.00 −660.10 6 4 34 0.00 −660.09
2 5 34 0.00 −660.10 6 5 34 0.00 −660.09
2 6 34 0.00 −660.10 6 6 34 0.00 −660.09
2 7 34 0.00 −660.10 6 7 34 0.00 −660.09

3 0 41 0.06 −654.70 7 0 41 0.06 −654.70
3 1 34 0.02 −659.68 7 1 34 0.02 −659.68
3 2 34 0.00 −660.09 7 2 34 0.00 −660.09
3 3 34 0.00 −660.10 7 3 34 0.00 −660.09
3 4 34 0.00 −660.10 7 4 34 0.00 −660.09
3 5 34 0.00 −660.10 7 5 34 0.00 −660.09
3 6 34 0.00 −660.10 7 6 34 0.00 −660.09
3 7 34 0.00 −660.10 7 7 34 0.00 −660.09

– Chasman [20] sets for the same reason

Gnp =
1

2
Gnn =

1

2
Gpp .

– Civitarese et al. propose either the form [1]

Gnp =
C(Z)

A
,

where C(Z) is a constant that varies as a function of
the considered element, or the form [2]

Gnp = C
16

A+ 56
,

where C is a constant.

The latter expression has also been used by Szpikowski
[37].
In the present work, we restrict ourselves to N = Z

even-even nuclei of which the “experimental” pairing gap
may be deduced from the experimental masses [3] (i.e.
with 18 ≤ Z ≤ 32). The pairing strengths Gpp, Gnn and
Gnp are then chosen such as to exactly reproduce the “ex-
perimental” values of ∆pp, ∆nn and ∆np. For the study of

N = Z nuclei of higher masses (and of which “experimen-
tal” pairing gaps are not known), one should first have to
establish by a fit an expression of the pairing strengths
from the previously obtained values, and then to extrap-
olate this expression.

4.2 Convergence of the method

We have reported in table 1, the overlap 〈Ψ |Ψnn′〉, the
particle-number fluctuations ∆Nnn′ as well as the pro-
jected energy Enn′(MeV) values as a function of the ex-
traction degrees of the false components n and n′ (0 ≤
n, n′ ≤ 7) for the nucleus 36Ar chosen as an example.
The values obtained using the BCS theory are respectively
∆NBCS = 0.09 and EBCS = −648.78MeV. From table 1,
one can conclude that

i) The convergence of the method is very fast. Indeed,
following expression (18), the convergence should be
theoretically reached as soon as n, n′ > 218, since Ω =
455. But it clearly appears that the results are stable
for n, n′ > 6 for all the evaluated quantities. This fact
proves the efficiency of the projection method.
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Table 2. Overlap between the BCS and projected wave functions, without inclusion of the np pairing correlations for the proton
(first row) and neutron (second row) systems; and with inclusion of the np pairing correlations (third row). Difference between
the projected and BCS energies (MeV) without (fourth row) and with (fifth row) inclusion of the np pairing correlations.

Nucleus 32S 36Ar 40Ca 44Ti 48Cr 52Fe 56Ni 60Zn 64Ge

〈Ψ |Ψn〉p (%) 59 58 62 56 56 58 56 56 55
〈Ψ |Ψn〉n (%) 59 59 63 57 57 59 56 57 54
〈Ψ |Ψnn′〉 (%) 36 34 39 34 32 35 32 35 31
δE (MeV) −4.17 −4.86 −7.28 −4.18 −4.12 −4.83 −4.40 −3.50 −4.26
δE

np (MeV) −9.59 −11.31 −17.72 −11.57 −8.72 −11.00 −8.63 −7.84 −9.13

ii) The particle-number projection is indispensable since
the overlap 〈Ψ |Ψnn′〉 between the BCS and projected
wave function is only 34% (after convergence). It is
thus very far from the theoretical overlap.

iii) The particle-number fluctuations are efficiently elimi-
nated since the quantity ∆N that was 0.09 with the
BCS theory vanishes after projection.

iv) The energy value is significantly reduced with regard
to the BCS one (the difference is more than 11MeV).

4.3 Effects of the particle-number fluctuations on the
system energy

In order to evaluate the particle-number fluctuations effect
on the system energy, we have calculated the difference
between the projected and BCS energies,

δEnp = Enn′ − Enp
BCS , (26)

for the ground state of the previously cited nuclei. The ob-
tained values are compared in table 2 to those of the same
quantity, when only the pairing between like-particles is
taken into account, i.e.

δE = En − EBCS , (27)

where En is the energy evaluated using the SBCS particle-
number projection method [33,34,38].
It then appears that the particle-number fluctuations

effects are even more important when the np pairing is
considered. Indeed, the δE value is on average −4.62MeV,
whereas that of δEnp is −10.61MeV.
We have also reported in the same table the overlap

between the BCS and projected wave functions without
(〈Ψ |Ψn〉p and 〈Ψ |Ψn〉n for the proton and neutron systems,
respectively) and with (〈Ψ |Ψnn′〉) inclusion of the np pair-
ing correlations. Here again, it appears that the particle-
number fluctuations are even more important when the
np correlations are included. Indeed, the average value of
〈Ψ |Ψn〉p or 〈Ψ |Ψn〉n is 57%, whereas that of 〈Ψ |Ψnn′〉 is
only 34%.
These facts show the necessity of both the inclusion

of the np pairing correlations and the particle-number
projection in N ' Z nuclei. It will be the case in the
astrophysical context and specially for the study of the
rp-process. Indeed, as underlined in the introduction, this
study is not only hindered by the uncertainty of the astro-
physical conditions but also by the lack of experimental

information on the nuclei along this process. The theoret-
ical predictions have thus to be particularly rigorous.
Finally, it is worth noticing that the present particle-

number projection method could be easily generalized to
the excited states and hence used for the double-beta de-
cay study.
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